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Abstract

This paper studies the implications of leakage of information through prices for the efficient
operation of markets with heterogeneous agents. Focusing on uniform-price double auctions,
we first characterize how the presence of heterogeneity (e.g., in terms of agents’ trading costs,
information precision, or risk attitudes) can shape the information content of prices and hence
the market’s informational efficiency. We find that price informativeness decreases with the extent
of heterogeneity in the market. We then establish that such reductions in price informativeness
can in turn manifest themselves as an informational externality: in the presence of heterogeneity,
agents do not internalize the impact of their trading decisions on the information revealed to
others via prices. We also show that the welfare implications of this heterogeneity-induced
informational externality depends on the intricate details of the market. Our results thus indicate
that accounting for the possibility of information leakage should be an important consideration in
designing markets with asymmetric information. We conclude the paper by exploring the welfare
implications of market segmentation in the presence of heterogeneous agents and information
leakage.
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1 Introduction

There is, by now, unanimity amongst researchers that the design of markets has an important role
in improving market performance. As a result, a growing amount of literature in the operations field
has focused on optimal market design in various contexts, such as auctions, two-sided markets, and
on-line marketplaces. However, one aspect that has been over-looked is the possibility of information
leakage, its interaction with the market design, and the impact it may have on the market outcomes.

With the advance in technology, information leakage has become ever more relevant. The
digitalization of information has made the process of observing and processing agents’ actions —
by the market maker or the market participants — fairly easy and fast, resulting in a high possibility
of their private information — on which they rely on when taking their actions — being leaked. This
possibility for information leakage, in turn, may affect the actions of market participants — whether
they are the agents observing the leaked information or if it is their information that is being leaked
to others. Understanding such effects, their interaction with the market structure, and their impact
on the outcomes is crucial for policy makers and market designers, who want to guarantee a smooth
and efficient operation of the market.

The possibility of information leakage is one of the central features of financial markets. It is by
now conventional wisdom that the private information held by various market participants (even
anonymous ones for that matter) can be reflected in a security’s price. Such a possibility has made
the role of information in the “price discovery” process as one of the main concerns of policymakers
in designing market regulations. For instance, in its policy report on the emergence of “dark pools”
for equity trading, the International Organization of Securities Commissions (2010) argued that “[...]
where regulators consider permitting different market structures [...] they should consider the impact
of doing so on price discovery [...].” Similarly, Commissioner Troy A. Paredes from the U.S. Securities
and Exchange Commission (2010) observed that “price discovery matters because investors would be
less willing to invest if the contrarian views of short sellers were not fully incorporated into securities
prices” and that “when price discovery is compromised, we run the risk that our securities markets
allocate capital inefficiently.”

Another prominent example is the class of emissions permits markets in the various “cap-and-
trade” systems implemented around the globe. In brief, a cap is set on total amount of permitted
pollution, while emission allowances within the cap are distributed to (potential) emitters. The
allowances can then be exchanged on a secondary market. One of the key design objectives of
such a scheme is for the price in the secondary market to reflect the social costs of emissions, thus
inducing firms to internalize the impact of their production decisions. But this means an inefficient
price discovery process can lead to arbitrage opportunities for investors, suboptimal budgeting
decisions for firms, and inefficient reduction of emissions. Thus, not surprisingly, policymakers
consider an accurate price discovery to be an important concern when designing and implementing
these systems. For instance, according to the European Commission (2009), “[...]maintaining the
functioning and integrity of the secondary markets as lead venues for price discovery and efficient
allocation should continue to enjoy highest priority when designing a comprehensive auctioning



scheme for the trading period 2013-2020 (Phase III).” Despite this emphasis, studies conducted on
data from the European Union Emissions Trading System (the world’s first and so far largest cap-and-
trade system) indicate that in the first period of the implementation in 2005-2007, prices failed to
aggregate information effectively (Crossland et al. (2013), Slechten and Cantillon (2015)), resulting in
suboptimal market operations.

In this paper, we take a step towards understanding how the quality of price discovery in the
presence of information leakage can shape the informational and allocative efficiency of the market.
We further try to understand how the extent of information leakage, and in turn, the quality of price
discovery depends on the market architecture. We pursue this by exploring how heterogeneity in
the agent-level (e.g., in terms of agents’ trading costs, information precision, valuations, and risk
attitudes) may interact with the market price’s role as an endogenous source of public information.
We then explore the implications of price informativeness on allocative efficiency by comparing
welfare across various market architectures.

We base our analysis on a standard model of a uniform price double auction. More specifically,
following Vives (2011), we focus on a competitive market consisting of finitely many agents who
trade a single asset. Agents have interdependent valuations for the asset, but are uncertain about
the underlying state that determines the asset’s payoff. Instead, each agent observes a potentially
informative private signal about the asset fundamental. As in the rational expectations tradition (e.g.,
Grossman and Stiglitz (1980) and Diamond and Verrecchia (1981)), the price serves as an endogenous
public signal with the ability to (fully or partially) convey each agent’s private information to other
market participants. As our key assumption, we allow for ex ante heterogeneity in the precision of
private signals and the agents’ preferences, by assuming that agents face potentially heterogeneous
trading costs.

Our first set of results, which serves as the basis for the rest of our analysis, establishes that the
distribution of trading costs has a direct impact on the informativeness of the price. In particular, we
show that, in markets with more than two agents, the market is informationally efficient if and only if
all trading costs coincide. This result is a consequence of the fact thatintroducing a second dimension
of heterogeneity (i.e., heterogeneity in trading costs in addition to heterogeneity in information sets)
leads to a secondary motive for trade that may be orthogonal to agents’ private information: all else
equal, agents with higher trading costs trade less intensely on the same information than those with
lower trading costs. This preference-induced heterogeneity, in turn, biases the price towards the
private signals of agents with lower trading costs compared to the benchmark with identical traders.
In fact, we show that price informativeness decreases in the (weighted) variance of agents’ trading
costs, with the weights given by the precision of each agents’ private signal. In summary, higher
preference heterogeneity leads to less informative prices.

Given the above observation, our second set of results then establishes that the reduction in price
informativeness also manifests itself as an informational externality. More specifically, we show that
agents do not internalize the impact of their trading decisions on price informativeness for other
traders. Crucially, this informational externality only exists when agents are heterogeneous: we show
the equilibrium is constrained efficient when all agents have identical trading costs. In contrast,



when agents have heterogeneous trading costs, a subset of agents over-react to their private signals
(compared to the constrained efficient benchmark), whereas the remainder of the agents under-
react, where the sets of over-reacting and under-reacting agents depend on the underlying model
parameters. In particular, whether an agent is over-reacting or under-reacting depends on (i) how
his private signal covaries with the asset’s payoff estimation error of other traders; and (ii) the slope
of agents’ demand curves. These two factors, in turn, depend on agents’ trading costs and on the
dominant role played by the price, respectively. When the informational role of price dominates —
i.e., when the main role of the price is as an endogenous public signal in the market — agents with
relatively high trading costs under-react to their private information, whereas agents with relatively
low trading costs over-react. In contrast, when the main role of the price is as an index of scarcity
— i.e., to match supply and demand — agents with high trading costs over-react to their private
information, and agents with low trading costs under-react.

With the above results in hand, we then leverage the heterogeneity-induced informational
externality identified above to study how the interaction of private information and market
architecture determines social welfare. More specifically, we use our framework to compare a
centralized market architecture to a segmented market in which agents can only trade with a subset
of other individuals. As our main result, we show that, depending on the distribution of trading
costs, a segmented market architecture can achieve a higher welfare compared to the centralized
market. This is despite the fact that a centralized market provides more trading opportunities
and — at least in principle — should lead to higher levels of price informativeness as the price
can aggregate the private information of a larger set of individuals. Nonetheless, our results
establish that if market centralization leads to sufficiently high levels of heterogeneity, not only price
informativeness may decline, but also this decline in the quality of information aggregation and
the corresponding informational externality may reduce the welfare in the centralized market below
that in the segmented market architecture. Thus, policies that shape the distribution of agents that
participate in the market can have a first-order effect on the efficient operations of the market.

Overall, our theoretical findings provide insight on the role of information leakage in shaping
market outcomes, and how it may depend on the intricate details of the market. They also suggest
that information leakage may have firs-order effect on welfare, and as a result should be an important
policy concern when designing markets.

Related Literature Our theoretical framework is related to the literature on rational expectations
equilibrium with a Gaussian information structure, such as Hellwig (1980), Diamond and Verrecchia
(1981) and Kyle (1989), among many others. Within this literature, our paper is most closely related
to Rostek and Weretka (2012), who study a market consisting of traders with identical trading costs
but heterogeneous pairwise correlations in valuations. In line with our findings for a model with
heterogeneous trading costs, they establish that heterogeneity in pairwise correlations can break
informational efficiency. However, unlike our framework, the failure of information aggregation in
their model does not translate into an informational externality: even though the market cannot fully
reveal the information to all traders, neither can a social planner who has to respect the decentralized



information structure of the economy.! The disparity between the results of Rostek and Weretka
(2012) and our findings is driven by the distinct origins of informational inefficiencies in the two
models. More specifically, in the presence of heterogeneous pairwise correlations, the price cannot
fully aggregate information because there is no single one-dimensional statistic that can serve as a
sufficient statistic for all market participants simultaneously. In contrast, our model admits such a
common sufficient statistic. Yet, heterogeneity in trading costs leads to an equilibrium price that
does not coincide with this statistic.

Information leakage effects have also been studied by the supply chain management literature.
Li (2002) studies the possibility that confidentially-shared information between a retailer and a
manufacturer may be leaked to other retailers as they observe the manufacturer’s actions. The leaked
information, in turn, may affect the strategies of the other retailers, even though they were not part of
the information sharing agreement. Relatedly, Anand and Goyal (2009) emphasize the importance of
“strategic information management,” according to which firms take the possibility of information
leakage to competitors into account, while Kong, Rajagopalan, and Zhang (2013) study revenue-
sharing contracts that can mitigate the negative effect of information leakage in the supply chain.

Our paper is also related to the literature on optimal information revelation in disclosure policies
in the context of platforms and queues. Bimpikis, Ehsani, and Mostagir (2018) focus on the optimal
information disclosure policy of a contest designer regarding the competitors’ progress. Relatedly,
Papanastasiou, Bimpikis, and Savva (2018) study the problem of optimal information provision
of on-line platforms that collect and disseminate consumers’ experiences, while Candogan and
Drakopoulos (2017) study the problem of optimal information revelation in a setting of a social
networking platform facing the trade-off between engagement and misinformation. In the context of
queues, Guo and Zipkin (2007), Jouini, Aksin, and Dallery (2011), and Allon, Bassamboo, and Gurvich
(2011), among others study the effect of different information revelation methods on customers and
on the overall performance of the system. In contrast to this literature, where there exists a platform
or a service system who controls the nature of the information provision, in our setting, there is no
entity who controls for the amount of information revealed, but rather it is determined by the way
that prices incorporate and convey information, from and to market participants.

A growing literature has been studying another channel for endogenous public information —
ratings and reviews — through which customers can learn about the value of different products and
services. For example, Sun (2012), Besbes and Scarsini (2016), Acemoglu, Makhdoumi, Malekian,
and Ozdaglar (2017), and Ifrach, Maglaras, Scarsini, and Zseleva (2018) investigate how successful
is the learning process in terms of learning the true value of the products. While related, our paper
departures from this literature as we allow for learning from prices.

Our paper is also related to the literature on informational efficiency and allocative efficiency
of markets. For example, Pesendorfer and Swinkels (2000) studies the general tension between
the two notions in a setting of auctions. In a multi-unit auction model with a finite number of
bidders, the more sensitive bids are to private information, the more information is aggregated in
the price but also the greater is the allocative inefficiency. However, in the limit (of the number of

'We formally establish this claim in Appendix A.



items and bidders) Pesendorfer and Swinkels (2000) shows that both are attained — full information
aggregation and allocative efficiency. Iyer, Johari, and Moallemi (2014) look at predictions markets
in a dynamic setting. They show that when all traders are risk-averse, although prices reflect risk-
adjusted probabilities, under some smoothness condition, the allocation is ex-post Pareto efficient.
In addition, they show that information is aggregated in the sense that an uninformed observer of the
market, sharing only the common knowledge of market participants can infer the true probabilities.

Also related is the literature on efficient use of public versus private information. Morris and
Shin (2002) show that in a game with strategic complementarities, agents might over-react to public
information, and so releasing more public information can reduce social welfare. Angeletos and
Pavan (2007) generalize the model in Morris and Shin (2002) and study for different economies
the efficient use of public information. As opposed to our model, they consider exogenous public
information, and so the weight agents put on their private information does not affect the content of
the public signal.

Finally, our results on the welfare implications of various market architectures are related to
the work of Malamud and Rostek (2017), who argue that when agents can exert market power,
fragmentation of centralized markets may increase aggregate welfare.In contrast to this paper, we
assume that all traders are competitive, but instead allow them to learn from endogenous public
signals, i.e., prices. This channel creates an informational externality, whose magnitude is closely
tied to the market architecture. As such, a transition from centralized to segmented markets impacts
equilibrium price informativeness, thus leading potentially higher aggregate welfare. Also related
is the recent work of Iyer, Johari, and Moallemi (2018) who look at the impact of introducing dark
pools to financial markets on welfare. In other words, what are the welfare implications of having
these "closed” markets in addition to the open market (i.e., an exchange). They show the answer is
ambiguous and depends on the intrinsic value of traders and the mass of speculators. Thus, similar to
our paper, they show that a centralized open market may be inferior to a more decentralized market
with respect to welfare.

Outline of the Paper The rest of the paper is organized as follows. Section 2 presents the model and
the solution concept. In Section 3, we study price informativeness and provide a characterization
of the model’s informational efficiency as a function of trader characteristics. Section 4 contains
our main results, where we identify the informational externality that arises when agents are
heterogeneous. In Section 5, we explore the welfare implications of the heterogeneity-induced
informational externality in various market architectures. All proofs and some additional technical
details are provided in the Appendix.

2 Model

Consider a market consisting of n agents, denoted by {1,2,...,n}, who trade a divisible good. These
agents may correspond to firms trading emissions permits in a secondary market in a cap-and-trade
scheme or traders buying and selling assets in financial markets. The realized payoff of agent i who



obtains z; units of the good is given by

1
iAix? - pxi, (1)

mi(zi) = Oz —
where p denotes the price of the good and 6;, which we refer to as i’s valuation, is a random variable
that is drawn from the standard normal distribution. We allow for interdependence in traders’
valuations by assuming that corr(6;,60;) = p for all pairs of agents i # j, where p € [0,1). This
formulation thus nests the cases with independent (p = 0) and common (p — 1) valuations as special
cases. We refer to parameter )\; in (1) as agent i’s trading cost and treat the collection of parameters
(A1,...,An) as a primitive of the model, which we assume to be commonly known to all agents.

In the context of financial markets, 0; represents the dividend of the traded asset, z; is the quantity
of the asset purchased by trader ¢, and the trading cost \; can arise due to transaction taxes, inventory
costs for holding the asset, or other costs incurred as a consequence of trade. Alternatively, to
interpret equation (1) in the context of the emissions permits market, suppose each polluter i can
produce one unit of output per one unit of pollution permit. Thus, to produce x; units of output,
which results in a revenue of 6;z;, polluter i incurs a cost pz; to obtain the required permits as well as
a quadratic production cost \;z? /2. Regardless of the interpretation, equation (1) represents a market
consisting of agents with interdependent valuations and potentially heterogeneous costs.

Prior to trading, each agent i observes a noisy private signal s; = 6; + ¢; about her valuation,
where ¢; ~ N(0,0?) are mutually independent and o; parametrizes i’s uncertainty about ¢;. Under
this specification, all signals (s, ..., sy) are informative about agent i’s valuation as long as p # 0 and
a; > 0.

The good/asset is supplied by a competitive market of outside agents, represented by the inverse
aggregate supply function p = o+ 33", 2;, where o and j are non-negative constants and > " ; z;
is the (inside) agents’ aggregate demand for the good. Such an inverse supply function can arise by
assuming that, in addition to the n traders discussed above, the market contains a representative
outside agent, indexed 0, with payoff

mo(y) = ay — By*/2 — py, )

where y is the total units of the good purchased by the outside agent.? In the context of the emissions
permits market, the outside agent can be though of as the government or regulator supplying the
asset, with ay — 332 /2 capturing the social cost of 3 units of emissions. Market clearing requires that
the traders’ aggregate demand and the demand of the outside agent satisfy y + > ;" ; 2; = 0.

Trade occurs via a one-shot, uniform-price double auction mechanism, according to which
all agents simultaneously submit demand schedules that specify their demand for the asset as a
function of the price p. Under such a trading mechanism, the strategy of trader i € {1,...,n} isa
mapping z;(s;, p) from her private information and the price to a quantity, whereas the strategy of
the representative outside agent is a function y(p) that specifies his demand at any given price p. The
price is then determined by the submitted demand functions and the market-clearing condition.

?In parallel with traders indexed 1 through n, one can interpret « and §3 as the outside agent’s valuation and trading cost,
respectively.



The competitive equilibrium of this market is defined in the usual way: it consists of a collection
of demand schedules z;(s;, p) and y(p) such that (i) each trader i € {1,...,n} maximizes her expected
payoff conditional on her information set {s;, p} while taking the price as given, (ii) the representative
outside agent maximizes his payoff given the price, and (iii) the market clears. Throughout, we restrict
our attention to equilibria in linear strategies, according to which each agent i’s demand schedule is
an affine function of her private signal s; and the market price p.

Before presenting our results, a few remarks are in order. First, note that the assumption that
agents submit price-contingent demand schedules enables them to take the information content of
the price into account, thus paving the way for the possibility of information leakage in the market:
the price can serve as an endogenous public signal with the ability to (fully or partially) convey agents’
private information to one another. Second, the absence of noise traders in our framework enables
us to perform a well-defined welfare analysis. Such an analysis will be instrumental in disentangling
the market’s informational inefficiency from its allocative inefficiency. Finally, our assumption that
agents are price takers ensures that the inefficiencies identified by the welfare analysis are not
driven by market power or other departures from the competitive benchmark. Our main results on
information leakage and the market’s informational inefficiency extent to the settings where agents
exert market power.

We have the following result:

Proposition 1. There exists an equilibrium in linear strategies x; = a;s; +b; — ¢;p, where the coefficients
corresponding to trader i’s strategy depend on the price via

var(p) — E[ps;|E[pb;]

A = E[s?] var(p) — E2[ps;] 3)
o _ Elpsi] — E[s7]E[pf;]

M= B var(p) - B2lpsi] @

Noi = 14 —lpsi = E[s7]E[p0;] -

E[s?] var(p) — E2[ps;]

i
and the price depends on the equilibrium strategies via

_a+t B> p_q(arsk + by)
1 +5ZZ:1 Ck '

Furthermore, coefficients (a1, ... ,ay) are independent of parameters o« and 5.

(6)

The above result, which will serve as the basis for the rest of our analysis, provides an implicit
characterization of agents’ equilibrium strategies and market-clearing price as a function of trading
costs and signal precisions.> Despite the implicit nature of Proposition 1, a few observations are
immediate. First, equation (6) establishes that the price is an affine function of all traders’ private
signals, thus formalizing the idea that the equilibrium price is an endogenous public signal, with the
weighted average > ,_, ajs; serving as a sufficient statistic for the information content of the price.
Second, the fact that coefficients (ay,...,a,) are independent of o and g implies that even though

3Even though not explicit, the traders’ signal precisions are reflected in the various variance and covariance terms
between 6;, s;, and p. We explore these relationships in detail in subsequent sections.



the price level depends on the characteristics of the outside agent, its information content does not.
Third and most importantly, the expression in (6) illustrates that various agents’ private signals do
not impact the information content of the price symmetrically. Rather, the price is biased towards
the private signals of agents who assign larger weights on their signals in equilibrium. In view of
equations (3)-(5), this observation implies that, in general, equilibrium price informativeness may
depend on the entire profile of trading costs (\y, ..., \,) and signal precisions (o7 ',..., 0, '), an issue
which will be the main focus of Section 3.

As a final remark, we note that the expression in (5) underscores the trade-off between the two
roles played by the price: (i) as a measure of the opportunity cost of obtaining an extra unit of the asset
and (ii) as a potentially informative endogenous public signal about the asset’s underlying payoff. In
particular, when the price is uninformative about the underlying state (e.g., when o; = 0), equation
(5) implies that ¢; = 1/);. On the other hand, the informational role of the price is captured by the
second term on the right-hand side of (5): if the price contains some information about #; above and
beyond agent i’s private information, she infers that a higher p reflects a higher payoff, thus reducing
her opportunity cost of obtaining the asset. This reduction in opportunity cost is reflected as a smaller
coefficient ¢; in equilibrium. Put differently, the slope of the demand curve submitted by agent i not
only reflects i’s opportunity cost of trade, but also her desire to utilize the information contained in
the price in her demand. Importantly, the relative importance of the two roles played by the price
depends on the slope of the inverse aggregate supply function 3. For small values of 3, the price level
is insensitive to the aggregate demand >, _, x;. Thus, while a small increase in the price does not
change the marginal cost of acquiring the asset, such an increase is interpreted by the market as a
strong positive signal about the asset’s underlying value. As a result, the informational role of the
price dominates, inducing the agents to submit upward-sloping demand curves (¢; < 0). In contrast,
when § is large, the price is very sensitive to the aggregate demand ) ,_, z. As aresult, an increase in
demand by an agent in the market — say, due to a positive signal —results in a sharp increase in the
price, which induces other agents to purchase less of the asset. In other words, the role of the price
as a measure of opportunity cost of the asset dominates its informational role, inducing downward-
sloping demand curves (¢; > 0).

3 Information Leakage and Informational Efficiency

With the equilibrium characterization in Proposition 1 in hand, we now turn to studying how model
primitives, and in particular, the profile of trading costs and signal precisions, shape the informational
content of the price and hence the market’s informational efficiency. Throughout, we rely on the
following notion of informational efficiency:

Definition 1. The equilibrium is fully privately revealing to trader i if E[0;]s;, p] = E[0;|s1, ..., Sn]-

In other words, under full private revelation, the price coupled with agent i’s private signal serve
as a sufficient statistic for all the information dispersed throughout the market. We say the market
is informationally efficient if the equilibrium is fully privately revealing to all agents simultaneously.



Thus, in an informationally efficient market, the leakage of information via the price is complete. We
have the following result:

Proposition 2. Suppose p # 0 and o; > 0 for all tradersi. The market is informationally efficient if and
only if either

(i) there are only two agents in the market (i.e., n = 2); or

(ii) all trading costs coincide (i.e., \; = --- = \p).

The above result thus establishes that when all agents have identical trading costs, the leakage of
information is complete, in the sense that all agents behave as if they had access to all the private
information held by other agents in the market. This is the case regardless of the profile of signal
precisions (o1, ...,0,) and hence how private information is initially distributed among the agents.
Conversely, Proposition 2 also shows that in a market consisting of n > 3 agent, any heterogeneity in
trading costs would make the equilibrium price to be less than fully revealing to at least one market
participant.

To see the intuition underlying this result, consider the special case in which all signals are of
equal precision, that is, 0; = o for all i. In such an environment, it is immediate that full private
revelation requires the equilibrium price to be a sufficient statistic for the unweighted average of all
traders’ private signals, i.e., p = do + d1 > _,_, s, for some constants dy and d;. Yet, as we established
in Proposition 1, the equilibrium price reflects Y, _; axsx, where the coefficient a;, depends on the
entire profile of trading costs (\1,...,\,). Thus, as long as there are two traders i and j with non-
identical trading costs, the equilibrium price would reflect a weighted average of private signals,
making the extraction of the unweighted average of the signals and hence full revelation impossible.
Note, however, that this argument is no longer valid if » = 2. In that case, each trader can back out
the private signal of the other trader from the price (which reveals a;s; + a2s2) and her own signal,
irrespective of the coefficients a; and as.

We remark that the failure of information aggregation established in Proposition 2 is distinct
from the reasons behind partial revelation in Jordan (1983) and Rostek and Weretka (2012). Jordan
(1983) illustrates that equilibrium is generically inconsistent with the efficient market hypothesis
when “the dimension of the signal space is larger than the number of assets,” or in other words,
when the dimension of payoff-relevant variables exceeds the number of prices. On the other hand,
Rostek and Weretka (2012) construct a class of models under which there is no single statistic that
can simultaneously serve as a sufficient statistic for all agents in the market. In contrast to these
papers, in our environment, the (single-dimensional) linear combination >"}_, sx/(1 — p + o) is a
sufficient statistic for all the information in the market for all traders simultaneously. Yet, the failure of
information aggregation is a consequence of agents’ equilibrium actions: the heterogeneity in trading
costs induces a dispersion in agents’ trading intensity that is orthogonal to their private signals, thus
biasing the information content of the price towards the private information of agents with lower
trading costs.

Proposition 2 thus illustrates that the nature and extent of information leakage in the market is
highly sensitive to the distribution of agents’ trading costs. Our next result provides a refinement of
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this observation by relating the extent of informational inefficiency in the market to the distribution
of agents’ trading costs. For each trader ¢, define the information revelation gap as

var(0;|s;, p) — var(0;|s1, ..., sn)

i = (7

var(6;|s;) — var(60;|s1,...,8n)

This index, which is always a number between 0 and 1 measures the extent to which the price reduces
agent i’s uncertainty relative to a benchmark with no informational asymmetry. More specifically,
¢; = 0 whenever the equilibrium is fully privately revealing to agent ¢, whereas ¢; = 1 if the price does
not provide agent i with any new information above and beyond her private signal s;.*

Our next result relates each agent’s information revelation gap to the distribution of trading costs
in the market.

Proposition 3. The information revelation gap of trader i satisfies

7

¢i = m + o(p), (8)

where

_ —1
A = M 52 _ ki we (1/ Ak — 1/43)
2kt W ’ ’ 2 ki W

are, respectively, the weighted harmonic mean and weighted variance of the reciprocal of trading costs
of agents k # i with weights wy, = 1/var(sg).

The above result thus provides a refinement of Proposition 2 (for small values of p) by linking the
information content of the price to the distribution of trading costs in the market. More specifically,
it illustrates that, keeping the harmonic mean of trading costs A; constant, an increase in the
heterogeneity %; in the trading costs of agents k # i widens i’s information revelation gap. In contrast,
when agents k£ # ¢ have identical trading costs, equation (8) implies that the equilibrium is fully
privately revealing to agent i (¢; = 0), thus recovering Proposition 2(ii) as a special case. Also note
that, in line with condition (i) of Proposition 2, the above result implies that ¢; = 0 when there are
only two agents in the market, irrespective of their trading costs.

The characterization in Proposition 3 also underscores that the extent of information leakage
depends on the joint distribution of agents’ trading costs and signal precisions. In particular, equation
(8) establishes that the information revelation gap ¢; depends not on the dispersion of trading costs,
but rather on a weighted variance of the reciprocal of trading costs of agents k # i with weights w;, =
1/var(sg). This expression captures the idea that agent k’s trading cost matters for revelation only
to the extent that she posses informative signals, with the trading cost of agents with uninformative
signals assigned a weight w;, = 0.

*Our notion of information revelation gap as a measure of price informativeness is distinct, but closely related to what
Rostek and Weretka (2012) refer to as the index of price informativeness. More specifically, their index, ;, measures the
contribution of the price signal to the reduction of i’s uncertainty relative to the complete information benchmark with no
uncertainty. In contrast, ¢; in equation (7) measures 4's residual uncertainty relative to the benchmark of full revelation.
Formally, the two indices are related to one another via ¢; = (1 — ¢;)(1 — var(6;]s1,. .., sn)/var(6;|s;)).
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3.1 Large Markets

Our results thus far focused on a market consisting of finitely many agents. We conclude this section
by studying the model’s behavior at its continuum limit and illustrating that, as long as all agents are
informationally small, the market is informationally inefficient unless the distribution of trading costs
is degenerate.

Formally, we consider a sequence of markets indexed by the number of agents » and focus on the
limit as n — oo. Let A, and oy, respectively denote the trading cost and the standard deviation of
noise in agent i’s signal in the market consisting of n agents, with their joint empirical distribution
denoted by F,,(\, o). We use F,,(\) and F,,(0) to denote the corresponding marginals. Furthermore,
we assume that

1i_>m E.(\,0/vn) =F(\ 0) 9)

for all A and o, with F(0, ) = 0 for all 0. This assumption serves a dual purpose. First, it ensures that
the limiting market is well-defined, with almost all agents exhibiting a non-zero trading cost. Second
and more importantly, as in Bergemann and Valimaki (1997), the normalization constant 1/,/n on
the left-hand side of (9) guarantees that each agent is informationally small as n — oo: the variance
of noise o2, in each agent i’s signal grows linearly in n. Intuitively, this normalization implies that
the aggregate amount of information dispersed among all agents remains bounded even as n — oc.
More specifically, it guarantees that lim inf,, o var(6y|sin, ..., Snn) > 0, where 6, = £ 3" | 6, is the
average of agents’ valuations and s,, denotes the private signal of agent k in the market with n agents.
We have the following result:

Proposition 4. Let ¢;, denote the information revelation gap of agent i in the market consisting of n
traders. Then, ¢* = lim,,_, ¢in, = 0 if and only if the marginal distribution F (1)) is degenerate.

4 Informational Externality

Propositions 2—4 in the previous section illustrate that, as long as n > 3, the equilibrium is not fully
privately revealing to all market participants simultaneously unless all agents have identical trading
costs. These results, however, are silent about the (in)efficiency of the equilibrium allocation. In
this section, we study the welfare implications of the market’s failure to aggregate information and
show that heterogeneity in the market can lead to the emergence of an informational externality,
whereby traders do not internalize how their actions shape the information content of the price. This
analysis will serve as the basis for our results in Section 5 on the welfare implications of various market
architectures with endogenous public signals.

We consider the constrained efficiency benchmark of Angeletos and Pavan (2007, 2009), according
to which the social planner maximizes total expected surplus in the market

E[W] = E[mo] + Z E|[r;]
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subject to the same informational constraints faced by the agents in equilibrium, where recall that
m; denotes trader i’s payoff and m is the payoff of the outside agent. Under this specification, the
action prescribed to each agent cannot depend on the private information of other agents. Thus, this
formulation ensures that the planner internalizes any potential externality that agents may impose
on one another while respecting the decentralized information structure of the market.> As in the
equilibrium, we restrict the planner to affine strategies in the form of z; = a;s;+b;—c¢;p, while imposing
the market-clearing condition y + ;" ; 2; = 0.
We have the following result:

Proposition 5. Suppose o? > 0 for alli. The equilibrium is constrained efficient if either
(i) there are only two agents in the market (i.e., n = 2);
(i) agents have private valuations (i.e., p = 0); or
(iii) all traders have identical trading costs (i.e., \1 = --- = \,).
If the above conditions are violated, then the equilibrium is constrained inefficient for almost all 3.

The above result thus provides a necessary and sufficient condition for constrained efficiency
of the equilibrium allocation. More specifically, Proposition 5 establishes that if either condition
(i)—(ii) is satisfied, then the social planner cannot improve on the equilibrium allocation without
violating the decentralized information structure of the market. Contrasting this observation with
Proposition 2 illustrates that these conditions are identical to the conditions that guarantee the
market’s informational efficiency: in a market with n > 3 agents, the equilibrium attains both
informational and allocative efficiency when all agents have identical trading costs.®

More importantly for our purposes, however, the juxtaposition of Propositions 2 and 5 also
establishes a converse implication: within our environment, any heterogeneity in trading costs not
only leads to an informational inefficiency, but also a constrained inefficient allocation. In other
words, as long as there is a pair of agents ¢ and j with \; # \;, the market exhibits an externality that
is not fully internalized by the market participants in equilibrium. Crucially, this externality is absent
if agents have either perfect information (o; = 0) or private valuations (p = 0). Under either scenario,
the price cannot provide the agents with any useful information. This simple observation thus implies
that the heterogeneity-induced externality identified in Proposition 5 is an informational externality:
agents do not internalize how their actions shape the information content of the endogenous public
signal.

To see the intuition for the relationship between heterogeneity and the emergence of the
informational externality, first consider the case in which all agents have identical trading costs.

This concept bypasses the details of specific policy instruments and instead directly identifies the strategy that
maximizes welfare under the restriction that information cannot be centralized.

The equivalence between informational and allocative efficiency does not hold in general. See Appendix A for a slight
variation of the model along the lines of Rostek and Weretka (2012), in which the equilibrium is constrained efficient even
though the price is not fully privately revealing to any of the market participants, i.e., ¢; > 0 for all <. In other words, even
though informational efficiency in a competitive market implies allocative efficiency (as argued by Grossman (1981)), the
converse is not generally true. This means that taking informational efficiency as a proxy for allocative efficiency — without
performing a proper welfare analysis — may result in misleading conclusions.
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Since such a market is informationally efficient, any deviation from the equilibrium strategies can
only reduce price informativeness, thus implying that the social planner cannot improve on the
equilibrium allocation. In contrast, when the distribution of trading costs is non-degenerate, a
marginal deviation by agent i away from her equilibrium strategy results in a second-order loss in
i's payoff, but potentially a first-order gain in price informativeness for other market participants and
hence a first-order increase in aggregate welfare. Our next result captures how this informational
externality manifests itself:

Proposition 6. A marginal deviation by agent i away from the equilibrium weight she assigns on her
private signal leads to a first-order change in aggregate welfare given by

dE[W]
dai

"0
= % COV(Siv Ok — E[0k|sk, p] ) {0
eq k=1 p D

€k

where~ > 0 is some positive constant.

The above result provides a characterization for how changes in the equilibrium strategy of agent
i shapes the total surplus in the market as a function of slope of demand curves submitted by any
given agent k (0z;/0p) and the covariance between agent i’s private signal and k’s estimation error
er = 0 — E[fk|sk, p]. Before exploring the intuition underlying equation (10), we first note that the
right-hand side of this equation is equal to zero whenever the market is informationally efficient.
This is a consequence of the fact that when the price is fully privately revealing to agent k, then there
cannot be a systematic relationship between k’s estimation error and i’s private signal (as otherwise
the equilibrium could not have been privately revealing to k). To see this formally, note that, under
full private revelation to agent k, the covariance between i’s private signal and k’s estimation error is
given by

cov(s;, ex) = E[si0k] — E[s;E[0x|sk, p]] = E[si0k] — E[E[s;0k|sk, p]] = 0,

where the second equality is a consequence of the fact that the price is fully revealing to agent £ (and
hence already reflects agent i’s private signal), whereas the last equality is a consequence of the law of
iterated expectations. Thus, Proposition 6 substantiates the relationship between Propositions 2 and
5 discussed earlier in this section: the same conditions that guarantee informational efficiency also
guarantee an efficient allocation in the market.

More importantly, the characterization in Proposition 6 also illustrates that when the equilibrium
is not fully privately revealing, the nature of the informational externality depends on the interaction
between the above covariance and the slopes of the equilibrium demand curves. To see this in the
most transparent manner, consider a scenario with incomplete information leakage and suppose
that cov(s;,er) > 0 between a pair of agents i # k. This means that whenever agent i has better
signals, agent k tends to underestimate the true underlying value of the asset. Thus, a change in the
trading strategy of agent i can improve agent k’s utility. Importantly, the exact nature of this change,
depends on the slope of the equilibrium demand curve submitted by agent k. If agent £ submits
upward-sloping demand curves (so that dx;/Jdp > 0), then a marginal increase in agent i’s trading
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intensity would raise the price, thus inducing agent & to acquire more of the asset exactly in the states
of the world in which £ was underestimating its value. This increases k’s utility. In contrast, if agent
k submits downward-sloping demand curves (i.e., 0z, /0p < 0), then by putting a marginally higher
weight on her private signal, agent i increases the price and induces agent k to acquire less of the good
exactly when the latter was underestimating the asset’s value. This reduces k’s utility. An analogous
argument shows that when cov(s;,e;) < 0, a marginal increase in a; decreases k’s utility when £’s
demand curve is upward sloping, whereas it increases k’s utility when k’s demand is downward
sloping. Finally, note that the equilibrium is constrained efficient as long as traders strategies are not
indexed to the price (i.e., 9z /dp = 0), in which case the model reduces to a competition in quantities
as opposed to schedules.

Our next result explores the implications of Proposition 6 by relating the market’s allocative
efficiency to the distribution of agents’ trading costs in the market.

Proposition 7. Leta " and a$" denote the weights thati assigns to her private signal in equilibrium and

constrained efficient allocations, respectively. There exist p > 0 and functions 3(p) < 3(p) such that

(@) ifp < pandf < B, thenal* < af if and only if

1—wy, [ 2 Wi/ A
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() ifp < pand B > B, thena;* < a$" if and only if
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wherewy, = 1/(1 + o7).

The above result therefore characterizes the set of traders that over- and under-react to their
private signals. It shows that not all departures from the efficient strategy profile are in the same
direction: while some traders over-react to their private signals in equilibrium, others under-react
relative to the constrained efficient benchmark. Importantly, proposition 7 also illustrates that
whether any given agent i over- or under-reacts to her private signal also depends on the value of
B. For example, agents with large trading costs under-react to their private signals when £ is small,
the same agents over-react to their signals when g is large.

It is instructive to interpret Proposition 7 through the prism of Proposition 6. To this end, suppose
B is small and consider an agent ¢ with the largest trading cost. Our discussion in Section 3 indicates
that the private signal of such an agent is reflected in the price with a small weight a; relative to
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the sufficient statistic that would have resulted in full private revelation to all agents. This under-
reflection means that when agent i has a strong positive signal, other agents tend to underestimate
the value of the asset, thus implying that cov(s;, e;) > 0. On the other hand, recall from the discussion
following Proposition 1 that a small § means that the informational role of the price dominates its
role as an index of scarcity and as a result leads to upward-sloping demand curves, as agents interpret
higher prices as strong signals in favor of the asset’s underlying value. Thus, by Proposition 6, an
increase in a; induces all other agents to acquire more of the asset when they underestimate its value,
thus increasing the overall welfare in the market. This is indeed the statement of Proposition 7(a). In
contrast, for large values of 3, the informational role of the price is weakened, resulting in downward-
sloping demand curves. Hence, equation (10) indicates that a marginal increase in a; would reduce
the welfare of all other agents, consistent with Proposition 7(b).

Taken together, Propositions 6 and 7 illustrate that, in the presence of information leakage,
the efficient operation of the market is highly sensitive to (i) the extent of market’s informational
efficiency and (ii) the relative importance of the price’s informational and allocative roles,
parameterized by parameter /5 in our setting.

5 Information Leakage and Market Architecture

Our results in Section 4 illustrate that the price’s role as an endogenous public signal leads to
the emergence of an informational externality whenever the distribution of trading costs is non-
degenerate. In this section, we study how this externality can lead to non-trivial implications by
comparing welfare across various market architectures. More specifically, we consider two market
architectures, one centralized and one segmented, and show that market centralization may reduce
price informativeness by strengthening the informational externality, thus resulting in a reduction of
aggregate welfare compared to a segmented market architecture.

To this end, fix the set of traders {1,...,n} with profile of trading costs (A4,...,\,) and signal
precisions (o7, ...,0, ') and consider two different market architectures: a centralized architecture
in which all trade occurs on the same exchange with a single market-clearing price — as in the model
studied thus far — and a segmented market architecture in which each trader can only trade in one of
the multiple exchanges with a specific subset of other market participants. Formally, the segmented
market architecture is defined as a partition S = {51, ..., S,,} of the set of traders {1, ...,n} for some
m > 2, with trader i € Sy, only capable of trading with other traders j € Si. Thus, as in Malamud and
Rostek (2017), each segment S;, in the segmented market architecture has a separate market-clearing
price. To ensure consistency between the centralized and decentralized architectures, we also assume
that a fraction ¢, € [0, 1] of outside traders are also active in segment S, with ;" | (; = 1.

We start with the following benchmark result:

Proposition 8. Expected welfare in the centralized market architecture is higher than the segmented
architecture, if either of the following conditions are satisfied:

(i) all traders have complete information about their valuations (o; = 0);
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(ii) traders’ valuations are independent (p = 0);
(iii) all trading costs are identical.

Proposition 8 provides a benchmark for the comparison between various market architectures. In
particular, it establishes that as long as the market is informationally efficient — which occurs either
because market participants have no use for the private information of other traders or when they all
have identical trading costs — then market centralization leads to a higher aggregate welfare. This
increase in welfare operates via two distinct channels. First, market centralization enables each agent
to trade in a market consisting of a larger number of participants, thus leading to further realization
of gains from trade. This is the channel that underlies the gains from centralization in cases (i)
and (ii) above. Second, in the case that traders can benefit from other market participants’ private
information — as in case (iii) above — market centralization means that the price aggregates the
private signals of a larger number of traders, thus increasing price informativeness for all agents and
hence welfare.

With Proposition 8 as the benchmark, our next result provides a comparison between the two
market architectures in the presence of trader heterogeneity. For any trader ¢ in the centralized
architecture, define m{** = 3., 1/var(s;). Similarly for the segmented architecture, let m; e =
> jes@ngiy 1/var(s;), where S(i) denotes the segment that agent i can trade in. We have the following
result:

Proposition 9. There exist constants p > 0 and 3 > 0 such that if p < p and 3 < B, then expected
welfare in the centralized market structure is higher than the segmented market structure only if

n

2
1 o?
>ox (T5s) (e =) = e — i) ) > (h
i=1 " i
where ¢ and ¢;°* are traderi’s information revelation gaps in the centralized and segmented markets,
respectively.

The term m{® —m;*®

measures how much more information is available to the market participants
post centralization. But then there is a penalty term which reduces gains from centralization if
the information revelation gap increases. The second term on the left-hand side of (11) creates a
countervailing force that may reduce and even reverse the welfare gains from centralization. The
juxtaposition of the above result with Proposition 3 relates welfare gains in centralizing the markets to
the heterogeneity in each segment and the market in general. Furthermore, the above result reduces
to part (iii) of Proposition 8 when all trading costs are identical, in which case ¢{** = ¢:*® = 0 for all
i, implying that E[W"] > E[W*"]. On the other hand, when (11) is violated, we get the opposite.
Finally, each term is also weighed by trader i’s trading cost: clearly traders with high trading costs will
trade less and hence matter less for aggregate welfare.

The result above thus implies that policies that shape the distribution of agents that participate in
the market, which in turn, shapes price informativeness can have a first-order effect on the efficient

operations of the market.
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6 Conclusions

In this paper, we investigate how heterogeneity of market participants can shape the information
content of the price, in the presence of information leakage. We find that price informativeness is
highly sensitive to the characteristics of market participants. In particular, we find that the price is
less informative the more heterogeneous are the agents. This is a consequence of the fact that agents’
characteristics determine the intensity of their market activity and hence the extent to which their
private information will be leaked via prices.

Moreover, we find that the market’s informational inefficiency translates into an informational
externality, resulting in an allocative inefficient market. In a heterogeneous market, agents do
not internalize how their actions shape the information that is leaked via prices and hence the
information available to other agents. The underlying of this informational externality is twofold:
One, the dominant role played by the price — informational or allocative — which determines the
slope of agents’ demand curves. Second, how the private information of each agent covaries with the
payoff estimation of other agents, where a positive covariance characterizes relatively high trading
cost agents, and implies that other agents under-estimate the asset’s value, and a negative covariance
characterizes relatively low trading cost agents, and implies that other agents over-estimate the value
of the asset. Taken together, we find that when the informational role of price dominates, agents with
high trading costs are under-reacting to their private information, whereas agents with low trading
costs are over-reacting. However, when the allocative role of price dominates, the opposite is true.

We further conclude that the extent of information leakage and its effect on market performance
is tightly related to the market architecture. As opposed to conventional belief, we find that welfare in
a centralized market — where, potentially, there are higher realizations of gain and more information
can be aggregated — may be low compared to a segmented market (i.e., agents are allowed to
trade only within one segment of the market). This result emphasizes the potential impact that the
heterogeneity-induced informational externality may have on market welfare.

Our findings suggest that the extent of information leakage via prices may vary with the intricate
details of the market structure. Policies that shape the distribution of agents that participate in the
market can have a first-order effect on the efficient operations of the market. Thus, accounting for
the possibility and extent of information leakage should be a central pillar of optimal market design,
specially in environments with highly dispersed information.
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Appendix
A Informationally-Inefficient Efficient Markets

Our results in the main body of the paper establish that when trading costs are heterogeneous, (i)
the price signal does not fully aggregate the information in the market and (ii) the equilibrium is
constrained inefficient, as traders do not internalize the impact of their trading decisions on the
information content of the price. In other words, the equilibrium is both informational and allocative
inefficient. In this appendix, we show that, in general, incomplete aggregation of information
does not necessarily imply allocative inefficiency. We illustrate this by contrasting our results to
an extension of the model of Rostek and Weretka (2012), where traders have homogeneous trading
costs but are asymmetric in the correlation between their private valuations. More specifically, we
show that even though such heterogeneity leads to an incomplete aggregation of information, the
equilibrium is constrained efficient, in the sense that the social planner cannot improve on the
allocation.

As in the baseline model in Section 2, consider a market consisting of n price-taking traders with
payoffs given by (1) and private signals s; = 6; + ¢;, where ¢; ~ N(0,0?). As in our baseline model,
the assumption that traders take the price as given guarantees that any potential inefficiency is not
driven by traders’ market power. In a departure from the baseline model, however, suppose that the
interdependencies in private valuations can be heterogeneous among different pairs of traders. More
specifically, suppose corr(6;, §;) = p;j, with the assumption that

1 ]
—— > = (12)
JFi

for some p € (0,1) and all traders :. This assumption ensures that all traders face the same average
interdependencies in the market. We have the following result:

Proposition A.1. Suppose pairwise correlations satisfy (12). Also suppose all trading costs and signal
precisions coincide. Then,

(@) The equilibrium is fully privately revealing to all traders if and only if p;; = p for alli # j.
(b) The equilibrium is constrained efficient, regardless of the pairwise correlations.

The first statement of the above proposition, which generalizes Proposition 3 of Rostek and
Weretka (2012), illustrates that heterogeneity in pairwise correlations prevents full private revelation
in the sense of Definition 1. This is a consequence of the fact that full private revelation for trader
i requires the price to be equal to a specific weighted average of private signals. But the presence
of heterogeneous correlations means that this weight average may be different for different traders,
implying that at least one trader cannot fully extract the sufficient statistic of other traders’ private
signals by observing the price.

More importantly for our purposes however, part (b) of Proposition A.1 illustrates that the failure
of informational efficiency highlighted in part (a) may not translate into allocative inefficiency: no
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matter what the pairwise correlations are, all traders internalize the impact of their actions on others
and no policy can improve upon the equilibrium allocation. This result thus underscores that
equating informational efficiency with allocative efficiency — without performing a proper welfare

analysis — can lead to misleading conclusions.

B Proofs

Proof of Proposition 1

Recall that the (ex ante) expected profit of trader i is given by E[r;] = E[0;z;] — A \E[z?] — E[pz;] and
suppose trader i follows a linear strategy given by z; = a;s; +b; — ¢;p, where a;, b;, and ¢; are coefficients
that only depend on model parameters. Plugging this expression into i’s expected profit implies that

1 1 1
E[m;] = a; — c;E[0:ip] — 5)\2‘(1 +07)a; — 5()\10@2 —2¢)E[p?] + a;(Nic; — 1)E[ps;] — 5/\1512 + bi(Aic; — 1)Ep].

Trader i’s objective is to maximize her expected profit while taking the price as given. As a first
observation, note that i’s objective function is jointly concave in (a;, b;, ¢;). Therefore, the first-order
conditions with respect to these parameters are both necessary and sufficient for optimality. Hence,
the best-response strategy of trader i satisfies the following relationships:

—N\;b; + ()\ici — 1)]E[p} =0 (14)
—E[0ip] — (Nici — DE[p?] + XiaiE[ps;] + \ibiE[p] = 0. (15)

On the other hand, market clearing requires thaty + > " ;| z; = 0, where y is the quantity demanded
by the outside trader. Hence,

&—P+5Z(ai5i+bi —cip) =0,
i=1
where we are using the fact that the first-order condition of the outside trader is given by a—p+ gy = 0.
Rearranging the above terms therefore implies that the equilibrium price is given by (6).

Equations (13)-(6) provide a system of equations that relate traders’ equilibrium strategies to the
model fundamentals. Plugging in the expression for the price (6) in equations (13)—(15) (followed by
some tedious calculations) then implies that

g = g =P 0R)ag + p(1L = P)(Fps ar)” — poai Yoy a
(40 s i (L—p+0f) + p(1 = p+ 0D (g ar)?
BAb; = — PUE(Zk;éi ag)(a+ B 5—1 bk) a7
T ) s ai (L= o+ o) + (L= p+ 07 (g o)
po? (s o) (1 + B2 5y ck)

(1+07) Yppiap(L—p+07) +p(1 = p+07) (X jps ar)*

(16)
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The proofis complete once we show that the system of equations (16)—(18) has a solution (a;, b;, ¢;)}_;.
We first establish that there exists a vector a = (a1, .. ., a,) that satisfies (16) for all i. To this end, define
the mapping ® : R | — R’ | as

2
Sl = p+ o2)ad + p(1 = p) (s e

i ((1+0§)Zk#ak( —p+0oi)+p(l—p+o? )k ak)? )+p01’22k7&¢ak'

(I>Z(a) =

Note that « satisfies equilibrium condition (16) if and only ®(a) = a. Define the set A = [, [a;, @],
where a; = \L.(1—p)/(1 —p+o?)anda; = A1 (1—p)/(1 — p+ 0?), with A\pax and Ay, denoting
the largest and smallest trading costs, respectively. It is easy to verify that ®;(a) > a;, whenever
P07 Y kzi k(Amax(1 — p + 03)ax — (1 — p)) > 0, which holds trivially as long as aj, > a;, for all k # i.
Similarly, ®;(a) < @; aslongas po? 3", ; ax(Amin(1—p+03)ax—(1—p)) < 0, an inequality that s satisfied
when a5, < @ for all £ # i. These observations therefore imply that & maps the compact and convex
set A to itself. Thus, by Brouwer’s fixed point theorem, there exists a € A such that ®(a) = a, hence
guaranteeing that there exist coefficients a4, . . ., a,, that satisfy equation (16) for all  simultaneously.

Next, consider (17). This system of equations has a trivial solution of b; = 0 for all i when o = 0.
We therefore consider the case that o # 0. Dividing both sides of the equation by \; and summing
over all ; leads to

ﬁzbi:—@wzb)z’” S 19)
i—1 zz

)

where

5]@:(14—02)2 1—p+o; )+p(1—p+ak)(2aj)2. (20)
i#k i#k
Since a; > 0 for all 4, it must be the case that > , % > ki @k # —1. Therefore, given coefficients
ai,...,an, there exists a unique ;" | b; that satisfies (19). Plugging back this solution into (17) then
implies that there exists a collection of constants (b, . .., b,) that satisfy the equilibrium condition.
Finally, consider (18). This equation implies that

5;:@:5; <1+ﬂZcZ>Z

=1

o

Once again, the fact that ) 7 | £ Ek 4i ok # —1 guarantees that the exists a unique ), ¢; that

l Z

satisfies the above equation. Plugging back this solution into (18) then implies that there exists a
collection (cy, ..., c,) that satisfies the equilibrium conditions. O
Proof of Proposition 2

LemmaB.1. a;(1 — p+ 0?) = ar(1 — p+ o2) for all pairsi and k if and only if all trading costs coincide.

Proof. First suppose all trading costs are identical, i.e., \; = A for all i. Under such an assumption, it
is immediate to verify that Aa; = (1 —p)/(1 — p+o?), thus implying that a;(1 — p+ 0?) = ax(1 — p+ o?)
for all pairs of traders i and k.
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To prove the converse implication, suppose a;(1 — p + 02) = ax(1 — p + o3) for all pairs i # k. This
means that there exists a constant S > 0 such that (1 — p+07)ay, = S for all k. Plugging this expression

into equilibrium condition (16) leads to

SN | (A+0))+p(l—p+0)> (M=p+op) ' | +pof =1 —p+0)) [1+p1=p)> (1—p+o7)"
ki ki

Solving for the constant S from the above expression implies that S = (1 — p)/); for all 7, which can

hold only if \; = A\, for all 7 and &. O

We now turn to the proof of Proposition 2. As a first observation, note that when n = 2, it is
immediate that the equilibrium is fully privately revealing to both traders. Hence, in the rest of the
proof we assume that there are at least three traders in the market. Suppose that the equilibrium is
fully privately revealing to all traders, where recall from Definition 1 that this is equivalent to assuming
that E[6;|s;, p] = E[b;|s1, ..., sn] for all i, where

1—p po - 1
E[bi]s1,...,8n) = <2>si+ . g ( 2)3
L=pto; (L=p+02) (1+p)(1-p+od) ) IS\ =P H0%

On the other hand, the fact that market-clearing price satisfies (6) means that

EW@'!S%P]:% Z(l—erUi)aiﬂLp(l—p)(Zaky—pafaizak Sﬂr% pol > ai | Y arse,

v\ ki ki ki t G k=1

where ¢; is given by (20). Hence, full private revelation requires that the coefficient on signal s; in
the above two expressions coincide for all k. Hence, as long as there are at least three traders in the
market, full private revelation to all traders 7 implies that a;/ax = (1 —p+03)/(1 — p+ o7) for all
Jj, k # i. Consequently, by Lemma B.1, all trading costs have to coincide. O

Proof of Proposition 3

As a first observation, note that

21)

4 l—p+o) + 0>, 0 —p+op)?
var(0;|s1,...,Sn) i <1_ p(l—p+0o7) P° > k(1= p+ o) '

1-p+o? L+ pY o (I—pt+op)t

Furthermore, recall from (6) that var(6;|s;, p) = var(6isi, >__.; axsk). Therefore,

o? (_ P(l—P"‘U?)*lEk;ﬁzai(l—P‘i‘U;z)‘f‘PQ(Zk;Aiak)Q )

var(6y|si, p) =
o 1—p+o} (1+p(1=p+07)7Y) Xpriar(1 = p+03) + p(X g ar)?

Finally, note that var(6;|s;) = 02?/(1 + 02?). Combining the above expressions implies that trader i’s
information revelation gap, defined in (7), is given by

(22)

i = ( 1+ o7 ) Dkti (1= p+07) = (g an)* (s —p+ o))~
C\l=ptal) (T+p(l=p+0D) ) S ai(l—p+07) + p(Xppan)?
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On the other hand, equation (16) implies that lim, . a; = w;/\; for all traders 4, where w; = 1/(1+ af).
Taking the limit as p — 0 from both sides of the above equation implies that

<Zk;ﬁi wk”i) - (Zk;ﬁz’ wk/)\k)Q/ (Zk;ﬁi wk) .

0 <Zk;ﬁi wkﬁ\i)
Dividing both the numerator and the denominator by  _; ., wx then complete the proof. O

Proof of Proposition 4

The implication that ¢! = lim,_, ¢i» = 0 whenever F()) is degenerate is trivial. We therefore only
provide the proof of the converse implication. In particular, suppose that ¢! = 0. Recall from the
proof of Proposition 3 that trader i’s information revelation gap satisfies equation (22). Therefore,

* /a202dG . (/ adG>2//a—2dG
U e fuc)

where G(a, \,0) = lim, o G, (na, \,0/y/n) and Gy (a, A, o) denotes the joint empirical distribution

(23)

of the weight that traders assign to their private signals, their trading costs, and the signal precisions.

Note that whereas the joint distribution of ); and o¢;, denoted by F,,()\, o) is exogenous, the weights

that traders assign to their private signals are equilibrium objects that are determined endogenously.

Nonetheless, G,, can always be expressed in terms of the model primitive F,, using equation (16).”
Since ¢} = 0, (23) implies that

/a2o—2dG/0_2dG = </ adG>2.

But by he Cauchy-Schwarz inequality, the above equality can hold only if a;0? = (IjO'JQ- for almost all
pairs i and j. Hence, by equation (16), it must be the case that \; = );, which means that F(}) is
degenerate. O

Proof of Proposition 5

Lemma B.2. Letz; = a;s; + b; — ¢;p denote traders’ equilibrium strategies. Then,

Bek _ BQr — Mj,
L+ 8370 e M+ 80 1/))

where Qy, and M, are independent of the value of 3.

(24)

"The normalization constant n in the definition G is a consequence of the assumption that all traders are informationally
small as n — oco. More specifically, the fact that o;,, grows at rate v/n implies that the weight a;,, has to decay to zero at rate
n.
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Proof. Recall that equilibrium coefficients (a;, b;, ¢;) satisfy equations (16)—(18). Summing both sides
of (18) over all traders 7 and solving for 1 + 83", ¢; implies that

n 1—}—627?_1 1/)\]'
1+ 3 c; = — J= , (25)
j; 71+ P i1 Dot WUJQ'/()‘J"SJ')

where J;, is given by (20). Plugging the above back into the expression for ¢ in (18) then establishes
(24), where Q) and M, are given by Q. = 1+p ", ;. (2#] i Z — >k gf%) and M, = %ﬁ > itk e
Finally, to establish that @ and M}, are independent of 3, recall that the coefficients (ay,...,a,) are
solutions to the system of equations given by (16), which does not depend on 5. Hence, Q) and M,
are independent of 3. O

With the above lemma in hand, we now return to the proof of Proposition 5. We prove this result by
determining the conditions under which the equilibrium strategies identified in Proposition 1 satisfy
the optimality conditions of the planner’s problem.

Recall that the total ex ante surplus in the market is given by E[W| = E[ro] + >, E[r;], where
mo is the surplus of the outside trader and 7; is the profit of trader i. Therefore, the market-clearing
conditiony + """ , x; = 0 implies that

mel ZAE +aE]—§E[y2]. (26)

When agents follow linear strategies in the form of z; = a;s; + b; — ¢;p, the expected total surplus is
given by

n 2
Z(aisi +b; — Cip)] ;

E[W] = ZlE[(QZ —a)(a;s; + by — cip)] — %z NE|(aisi + bi — eip)’] = gE —
— = (27)

=1

where once again we are using the market-clearing condition. Thus the social planner chooses
the constants a;, b;, and ¢; to maximize the total expected surplus in (27). We now determine the
conditions under which the equilibrium strategies identified in Proposition 1 satisfy the first-order
conditions corresponding to the planner’s problem.

First, consider the planner’s first-order condition with respect to coefficients (by,...,by).
Differentiating (27) with respect to b; and using the fact that the market-clearing price satisfies (6)
implies that

dE[W] a+ B3 bk B
= —\;b; + N\ic;E[p| — " + )\b—i-l—)\ . 28
db; ciElp L+B3 e 1+B375 1Ckzck ebi - ( cei ) Elp)) (26)

On the other hand, recall from equation (14) that equilibrium coefficients satisfy (\;c; — 1)E[p] = A;b;.
Consequently, the first-order condition of the planner’s problem with respect to b; evaluated at the
equilibrium strategies is given by

EW]| et A b
] - [p] - n .
dbl eq ]‘+BZI€:1 C
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But note that (6) implies that the right-hand side of the above expression is equal to zero, thus
implying that equilibrium strategies always satisfy the planner’s first-order conditions with respect
to b; for all parameter values.

Next, consider the social planner’s first-order condition with respect to coefficients (ci,...,c,).
Differentiating (27) with respect to ¢; leads to

dE[W] a+ B3k 1 bk B3 1 axE[skp]

— \.q. . B ~ N\.p 21 _ .
Qo XiaiElps;] + \ibE[p] — \ic;E[p*] — E[6;p] + 15657 o E[p] + )y "
+ Hﬁgzzlck ; ¢k (E[0kp] + (ke — DE[P?] — AparElpsi] — AebkE[p])

where once again we are using the fact that the market-clearing price satisfies (6). On the other hand,
recall that equilibrium coefficients satisfy equation (15). Therefore, the first-order condition of the
planner’s problem with respect to ¢; evaluated at equilibrium strategies is equal to

— R[]+ at B3 51 b B3 k1 arE[skp]
eq 1+ﬁZZ:1ck 1+5ZZ:IC]€ '

Equation (6) then implies that right-hand side of the above equation is equal to zero. In other words,

dE[W]

1)
dc, [p] +

no matter the parameter values, the equilibrium strategies always satisfy the planner’s first-order
conditions with respect to (cy, ..., c,).

Finally, we consider the planner’s first-order condition with respect to (a4, .. ., a, ). Differentiating
(27) with respect to a; and using the fact that the market-clearing price satisfies (6) implies that

dﬂZ[CZV] B o , Z CL ()\kakE[sisk] - E[kaz} + (1 - Akck)E[SipD .

— 1= N(1+ 0D)a; + (s — DE[psi] + ——D
L+ B30 ¢ pot

(30

Recall that we have already established that dE[WW]/db; = dE[W]/dec; = 0 at the equilibrium strategies.
Therefore, the equilibrium is constrained efficient if only if the above expression is equal to zero
when evaluated at the equilibrium strategies. Furthermore, recall that equilibrium strategies satisfy
equations (13)-(15). Hence, by (13), it is immediate that

dE[W]
dai

,3 n
eq 1"‘52?:101';

ek (AwarE[sisk] — E[0rsi] + (1 — Apex)E[sip])

which by using (13) one more time further simplifies to

p
e S (o — 1) + (1 Men)Efsip])

dE[W]
dai

Replacing for coefficients a; and ¢; from equations (16) and (18) and using the fact that the market-

clearing price satisfies (6) implies that

Bp Loy
T+ 8y o2 5kZ%(""(l_Hag)_aj(l_ergﬂz))’
eq i=LT ki TRk

dE[W]
dai
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where ¢, is defined in (20). Thus, by Lemma B.2,

dE[W]
dCLZ’

We now use (31) to prove Proposition 5. As a first observation, note that when p = 0, the right-
hand side of the above equation is equal to zero, thus implying that the equilibrium is constrained
efficient for all profiles of trading costs. Next, consider the case that n = 2. With only two traders,
it is immediate that the right-hand side of (31) is also equal to zero for all parameter values, thus
once again implying constrained efficiency. To establish that the equilibrium is constrained efficient
when all trading costs coincide, recall from Lemma B.1 that \; = ) guarantees that a;(1 — p + 02) =
a;j(l1—p+o; 2) for all i and j. Therefore, when all trading costs are identical, the right-hand side of (31)
is equal to zero, thus guaranteeing constrained efficiency.

Finally, we show that as long as n > 3, trading costs are heterogeneous, and p > 0, the equilibrium
is constrained inefficient for almost all values of 5. We establish this by contradiction. Suppose there
exist 3 # J for which the equilibrium is constrained efficient. Hence, the right-hand side of (31) is
equal to zero for both 3 and 3 and all traders i. Since p # 0, this implies that

M (5@k—Mk>; (ait=p+od)—al—p+ad)) =0
J

M (m—m)% (a1l =p+0d) = (i = p+a?) =0,
J

where recall that the coefficients (a4, ...,a,) are the solution to the fixed point equation (16) and
hence are independent of the value of 5. Subtracting the above two equations from one another and
using the fact that § # /3 leads to

ZakMk Za] <aj p—i—a?) —ai(l—p+az~2)> =0 (32)
k#i J#k

for all traders i. Since not all trading costs are identical, Lemma B.1 in the proof of Proposition 2
guarantees that there exists a i such that a;(1 — p + ¢?) < a;(1 — p + o; 2) for all j, with at least one
inequality holding strictly. But since M} > 0, this means that the left-hand side of (32) has to be
strictly negative, leading to a contradiction. O

Proof of Proposition 6

Recall that the total ex ante surplus in the market is given by E[W] = E[ro] + > ; E[r;], where 7 is
the surplus of the outside trader and =; is the profit of trader i. For ease of notation, denote ;(x;) =
u;(x;) — px; and mo = wp(y) — py. Differentiating the total surplus with respect to a; implies

Ouy, dry  Ozy dp dp Ouyg dy dp
dal ZE [(E)mk > (dai o Op dal> daj Tk [( oy p) daJ E[ da,]
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Therefore, the market-clearing condition y + ;" | «; = 0 implies that
d Oou; dx; Ouy, oxy, dp
—E E — E 33
da; W= K@xl > <dal>] Z K@mk ) ( dp da; (33)
Recall that in equilibrium the first-order condition is given by
E —_ =

|: <d:vl p) dai :| 0

Writing the same expression in the ex post form, results in

8uk
E | 2% —p=0.
[(%kl%p] p=0

Therefor, plugging the equilibrium action in equation (33) results in

auk 8uk a$k dp
-2= [ =[5 ]) (50
By the law of iterated expectations,

ZE %—E Ouy, . oxp, d,p . .
e oz, Oy ko P Op da; Looeoon

Note that all equilibrium variables have to be measurable with respect to the collection of all the

daZ

eq

dal

dE[W]

signals in the market. Consequently, we have,
ou
da. 31,...,3n]—E[k

- Oxy dp ouy,
_N"g | LD (| Tk
; {8}9 da; < {&Uk oxy, Sk’p]ﬂ

Now, plugging back the marginal utility functions ) = 6 — Ay, and the linear strategies z; = a;s; —

eq

¢ip, implies that

dE[W]
dai

_ Z ({);pkE [dfi( [0k] 51, .., 0] —E[Hk!Sk,P})}

From equation (6) we have dp/da; = ~s;, where y = 3/(1+ 3> "}_, ¢x). On the other hand, recall from

eq

equation (25) that v > 0. Thus, by the law of iterated expectations,

dE

ZiCOV 317]E[0k|31a" . 7371] _E[9k|8kap])

Finally, using the law of iterated expectations one more time to establish that
cov (si, E[0k| s1,...,8n] — E[0k| sk,p]) = cov(s;, Ok — E[O| sk, p]) then completes the proof. O

Proof of Proposition 7
Proof of part (a) Recall from equation (31) that

dE[W

lim —— QZ Uk (Zaj) (Z%’(aj(lp—kgjz)@1(1P+Jz‘2))>’
€q k;é'L J#k J#k

£B—0 ai
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where ¢, is given by (20). The above expression therefore implies that

o L dEW]
pI%OB—>Op dai

>0 (34)
eq

if and only if

Dkt (;%’,Q(Z#k aj) (X a3(1—p+a3))
Zk;éz‘ (g%i',c(Z#k a;)?

On the other hand, equation (13) implies that lim, .o A\;a; = 1/(1 + ¢?). Consequently, replacing for a;

hmaz(l—p—i—a ) < 111%

in the above equation implies that inequality (34) holds if and only if

1

1
— <

i 1 2
Z Uk: Z];ﬁk )\j(l-‘rO']z-)
ML+ 00 \ Xk vy

ki
O
Proof of part (b) Next, consider the case that § — oo. In this case, we have
1
lim Tim 1 dEW]| 1 ol 1 >tk NI
p—0 f—o00 P dCLZ eq Z?:l ]./)\7- Py >\k:(]— =+ O'g) )\l Z];ﬁkz m .
Therefore,
1 dE
lim lim — dE[W] 0
p—0 =00 p  da; eq
if and only if
> i
1 N Py Me(1+02)
s 1
Ai 5 0} Lk XN (+e]
I
ot Ak(1+ o) >tk X2(1+02)
O
Proof of Proposition 8
Before presenting the proof, we state and prove two simple lemmas.
Lemma B.3. Suppose(i,...,(n > 0and " |, = 1. Then,
Z Zk L VIK)® 35)
Ck+zk R D
for any collection of non-negative numbersy,, . ..,ym and zy, . .., zm.
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Proof. We establish the lemma by showing that min; f({) subject to the constraint that Y, | (; = 1
is equal to the right-hand side of (35), where f({) = >"}"; yx/({x + 2&). First, note that f(() is convex
in ¢, thus implying that the first-order condition is a sufficient for optimality. This implies that
n = yr/((k + 2x)?, where 7 is the Lagrange multiplier corresponding to the constraint. Plugging this
expression into the constraint implies that the optimal value of ( is given by

B 1+Z§n:1 Zj B
G = <ZT:1\/E ) Vk = Zk-

Evaluating f(¢) at the above values leads to the right-hand side of (35), thus completing the proof. [

Lemma B.4. Suppose a = 0. The equilibrium welfare in a market consisting of n traders is

) E[p’].

Proof. Recall from the proof of Proposition 5 that the expected welfare in the market is given by (26).

n

E[W] = Z 21)\2(1 — var(0;|s;,p)) — (215 + Zl

=1

1
2

Furthermore, note that the first-order condition of trader i is given by z; = (E[0;|s;, p] — p)/\i, whereas
that of the outside trader is given by y = (« — p)/S. Plugging these expressions into (26) therefore

implies that
EW] =3 LEE0 s - 3 LB - 3 L E[EBisip] - p)?] + SElo 5] — L E{(0 - p)?
2 by i|Sis P £ X\ iP £ 2N i|Si, P p ﬁ p 26 p) .

Consequently,

E[W] = Z ;)%E[EQ[Gi‘SiuPH - (;8 + Z 21) E[p?] + ;‘—5

o2
— 2 Qi\i (var(;) — E[var(6;]si, p)]) — <215 + Z 2;) E[p?] + =

=1

where the second equality is a consequence of the fact that E[E[f;|s;,p]] = E[¢;] = 0 and the law of
total variance. Noting that var(¢;) = 1 and E[var(0;|s;,p)] = var(6;|s;, p), which is a consequence of
normality, and setting o = 0 completes the proof. O

With the above lemmas in hand, we now proceed to proving Proposition 8.

Proof of part (a). Suppose traders face no uncertainties about their private valuations, i.e., o; = 0
for all 7. This means that var(6;|s;,p) = 0 for all traders regardless of the market structure. Thus, by
Lemma B.4, expected welfare in the centralized market is given by

n

B =3 o - (21/3 +3 ;A) E[p?.

i=1
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On the other hand, equations (16)—(18) imply that when o; = 0, equilibrium strategies satisfy b; = 0
and a; = ¢; = \; . Thus, by equation (6), the market clearing price in the centralized market is equal
top=/F5 11 si) 1/(1 +B8Y A ) Therefore,

Following similar steps implies that expected welfare in the segmented architecture is given by
- Z Sics, VA2 4+ p(Xicg, 1/Ni)?
2 jees G+ B Lies, 1A 7

where S;, denotes the set of traders in the k-th segment and (;, is the fraction of outside traders that

i=1

E[W*5) =

are active in that segment. Applying Lemma B.3 to the second term on the right-hand side above and
noting that ) ¢ s (x = 1leads to

n

2
E[W8] < Zzi\ 1+ﬁ§:/?211/)\2- (Z (1p)Zl/)\?+p<Zl/)\i)2) )

SkeES 1€ESk 1E€ESk

which in turn implies that

n

35 s (0905 S (S (SHED)

? SLES €S Sk# _,' 1€Sk lESj

Equation (36) implies that the right-hand side of the above inequality coincides with E[IW "], thus
establishing that expected welfare is weakly higher in the centralized market structure. O

Proof of part (b). Suppose p = 0. This means that var(6;|s;,p) = var(6;|s;) = 0?/(1 + o) regardless
of the market structure. Consequently, Lemma B.4 implies that expected welfare in the centralized
architecture is equal to

~ 1 1 "1
El/cen] — _ | = E 2
| ] ;2Ai(1+a§) (26 +;2Ai>

Equations (16)—(18) imply that when p = 0, the coefficients corresponding to equilibrium strategies
satisfy a; = A\; /(1 + 0?), b; = 0, and ¢; = \; . Replacing for p from (6) leads to

E[chn] _ Zn: 1 _ BZi:l )‘?(H‘Uf)
—2N(1+07) 20+ B8 A

37

Following similar steps for the segmented market structure implies that

n

E[Wseg] — Z ; — Z BZiESk W
Z2n(1+0?) 2Ge+ B ies, M)

SkES

and as a result,

E[Wseg] < zn: 1 _ Z ﬁziesk‘ W
T 2N(+0d) L2048 N

Note that, by (37), the right-hand side of the above inequality is equal to E[I¥ "], thus implying that
expected welfare in the centralized architecture is higher than the segmented architecture. O
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Proof of Proposition 9

First consider the centralized market architecture. By Lemma B.4,

n

1
: ceny __ _
ggnOJE[W | = z N (1 — var(0;|si, p)),
where we are using the fact that, by equation (6), limg_,o p?>/8 = 0. Replacing for var(6;|s;, p) in terms
of the information revelation gap defined in (7) leads to

n

: cen) __ 1 __cen _ __cen .
ég%IE[W ]_Z% (1 — ¢ var(6;]si) — (1 — ¢¢™) var(fi|sy, ..., 5,)).

On the other hand, recall that var(6;s;) = ¢2/(1 + ¢?), whereas (21) implies that var(6;|s, ..., s,) =

2

157 ~ (roty 2zl 7)1 + 0(p?). Consequently,

n

1 o? o?
lim E[W/cen] = 1 — gcen % — (1 = pcen ) 1 2 .
i BV ;%’ SR RGO ARl g 1+a 22 +5) o)

Following similar steps for the segmented market structure implies that

2 2
lim E[W*¢] = E E _pses T (1 p5ee 9 9
Jim ] % 1Tt P (1=¢7%) 1+0? 1+cr 22 +3) +olp?),
SkeSZESk ]i‘sk
JF£

where ¢;® is trader ’s information revelation gap in the segmented market structure. Subtracting the
above two equations from one another implies that

1 1
(=™ —(1-%) Y +0(p%),
9y (1 1L ~2\2 i

SLES IESK 1+0 YE=) 1+U JESK 1+o

J#i

lim (E[W"] —E[W™#) =p 3 > o

£—0

SN

thus completing the proof. O

Proof of Proposition A.1

Proof of part (a) The proof of part (a) is similar to that of Proposition 3 of Rostek and Weretka (2012).
First suppose that p;; = p for all i # j. Since all trading costs coincide, then Proposition 2 guarantees
that the equilibrium is fully privately revealing to all traders simultaneously.

To prove the converse implication, suppose the price is fully privately revealing to all traders. That
is, E[0;|s;, p] = E[0;]s1, ..., sp] for all 7. In addition, recall that when traders follow linear strategies in
the form of z; = a;s; + b; — ¢;p, the corresponding coefficients satisfy (13)-(15). Consequently;,

var(p) — E[ps;|E[pb;]
(1 + o2) var(p) — E2[ps;]’

)\ai =
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where we are using the fact that all traders have identical trading costs and signal precisions. Also
recall that the market-clearing price satisfies (6). Replacing for the price in the above expression
therefore implies that coefficients (ay, . .., a,) are the solution to the following system of equations:

Dk az(140%) + D i Phj Ok — (D gz pikax)? — a;o? D kti PikCk

Aa; = . (38)
(1+02) X ap(1+02) + (1 +02) 325 s prjana; — (g pikar)?
It is easy to verify that the solution to the above system of equations is given by
1—5
ai= (39)

A1 —p+0?)’
where p is defined (12). Since a; = a; for all pairs of traders 7 and j, equation (6) implies that the price
is a sufficient statistic for the unweighted average of traders’ signals, namely, (1/n) Y, _, sx. Therefore,

1—7 po? "
— 2 SZ + — 2 2 — Sk?
l-p+o (1=p+o?) A+ +p(n—1)) =

E[ei’Sh ) STL] = ]E[01|817p] = <

where we are using the fact that the equilibrium is fully privately revealing to trader i. Consequently,
=2

]-_ﬁ pPo 2
Eltisj] = | ——=— | pij + ~ o IHom+ 4
[35;] (1—p+02>p] (1—p+02)(1+ 02+ p(n—1)) o kééjﬂ]k

for any j # i. Replacing the left-hand side of the above equation with p;; and noting that >, . pji =

(n — 1)p implies that the above equality is satisfied for all i # j only if p;; = p for all pairs of traders
i . O

Proof of part (b) Recall from the proof of Proposition 1 that equilibrium strategies satisfy equations
(13)—(15). Furthermore, recall from the proof of Proposition 5 that the first-order conditions of
the planner’s problem with respect to coefficients a;, b;, and ¢; are given by (30), (28), and (29),
respectively. As in the proof of Proposition 5, it is immediate to verify that, as long as (14) is satisfied,
the right-hand side of (28) is equal to zero, thus implying that equilibrium strategies satisfy the
planner’s first-order condition with respect to b;. Similarly, using (15) to simplify (29) implies that the
right-hand side of the latter equation is also equal to zero for all parameter values, which establishes
that equilibrium strategies satisfy the planner’s first-order condition with respect to ¢;.

Having established dE[W]/db; = dE[W]/dc; = 0 for all 4, it is therefore sufficient to verify that
the right-hand side of (30), when evaluated at equilibrium strategies, is equal to zero. The fact that
equilibrium strategies satisfy (13) implies that

EW)| P (A1 a o2y Bl
dCLi eq - 1+ BZ;Lzl Cj gé; ’ <p1k()\ g 1) * (1 A(l - ) k)E[Skp})

where we are using the fact that all traders have identical trading costs and signal precisions. Plugging

for equilibrium actions from (39) and noting that equilibrium strategies are symmetric lead to

B co? 1+ pi 3 co? i
:1+n501—ﬁ+022 r 1+02+Z]-#p- Pk :1+n501—ﬁ+022<p—mk)-
ki j#i Pk oy
The definition of p in (12) now guarantees that the right-hand side of the above equality is equal to

dE[W]
da;

eq

zero, thus completing the proof. O
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